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ABSTRACT
Low surface brightness (LSB) galaxies form a major class of galaxies, and are charac-
terized by low disc surface density and low star formation rate. These are known to be
dominated by dark matter halo from the innermost regions. Here we study the role of
dark matter halo on the grand-design, m = 2, spiral modes in a galactic disc by car-
rying out a global mode analysis in the WKB approximation. The Bohr-Sommerfeld
quantization rule is used to determine how many discrete global spiral modes are per-
mitted. First a typical superthin LSB galaxy, UGC 7321 is studied by taking only the
galactic disc, modelled as fluid; and then the disc embedded in a dark matter halo. We
find that both cases permit the existence of global spiral modes. This is in contrast
to earlier results where the inclusion of dark matter halo was shown to nearly fully
suppress local, swing-amplified spiral features. Although technically global modes are
permitted in the fluid model as shown here, we argue that due to lack of tidal in-
teractions, these are not triggered in LSB galaxies. For comparison, we carried out a
similar analysis for the Galaxy, for which the dark matter halo does not dominate in
the inner regions. We show that here too the dark matter halo has little effect, hence
the disc embedded in a halo is also able to support global modes. The derived pattern
speed of the global mode agrees fairly well with the observed value for the Galaxy.
Key words: galaxies: kinematics and dynamics - galaxies: spiral - galaxies: structure
- galaxies: individual: UGC 7321 - galaxies: haloes - instabilities
1 INTRODUCTION
Various surveys on galaxy morphology have revealed that
the spiral arms, making a spectacular visual impression,
are mainly of two types, namely, grand-design spiral arms
and flocculent arms. It is also found that the fractional
abundance of these two types varies with the Hubble type
(Elmegreen et al. 2011). The origin and maintenance of
these features has been extensively studied over the past
five decades, though many aspects are still not fully un-
derstood. In general, the grand-design spiral features are
explained as density waves, governed mainly by gravity
(Lin & Shu 1964, 1966), whereas the flocculent spiral fea-
tures are material arms, caused by swing amplification
(Goldreich & Lynden-Bell 1965; Toomre 1981).
A major class of galaxies are the so-called low surface
brightness (LSB) galaxies, which are characterized by low
star formation rate (Impey & Bothun 1997), and low disc
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surface density (de Blok & McGaugh 1996; de Blok et al.
2001). LSB galaxies do not show grand-design spiral struc-
ture. These can show spiral structure but it is fragmen-
tary, extremely faint, and difficult to trace (Schombert et al.
1990; McGaugh et al. 1995; Schombert et al. 2011) The
LSBs are dark matter dominated starting right from the very
inner radii (Bothun et al. 1997; de Blok & McGough 1997;
de Blok et al. 2001; Combes 2002; Banerjee et al. 2010).
This aspect of dark matter dominance is different from that
seen in case of normal spiral galaxies. For example, in the
LSBs, the dark matter constitutes about 90 percent of the
total mass within the optical disc, whereas for the ’nor-
mal’ or High Surface Brightness (HSB) galaxies, such as
the Milky Way, the contribution of stellar mass and dark
matter halo mass is comparable (e.g. de Blok et al. 2001;
Jog 2012) within the optical disc. In the Milky Way and
other HSB galaxies, the dark matter dominates only in re-
gions way outside the optical disc. Consequently, the LSB
galaxies naturally offer a good place for probing the effect of
the dark matter halo on the dynamics of a galactic disc. We
caution that we only consider the small size LSBs which are
more common, and do not discuss giant LSBs like Malin1.
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The latter sub-class have massive discs and can show fairly
strong spiral arms as in UGC 6614 (Das 2013).
In the literature, several studies have demonstrated that
the dark matter halo has a profound effect on various dy-
namical properties of LSBs. For example, early numerical
simulation by Mihos et al. (1997) showed that the domi-
nant dark matter halo and the low surface density make
the LSB galaxies stable against the growth of global non-
axisymmetric modes such as bars. Further, there exists a
subclass of LSBs, namely, superthin galaxies. A study by
Banerjee & Jog (2013) showed that the superthin property
is explained by a dense, compact halo that dominates from
the innermost regions.
A recent work by Ghosh & Jog (2014) showed that a
dark matter halo that is dominant from the innermost re-
gions makes the galactic disc stable against both local ax-
isymmetric and non-axisymmetric perturbations, by making
the Toomre Q parameter very high (> 3). This suppresses
the swing amplification process, thereby explaining the ob-
served lack of star formation and lack of strong small-scale
spiral features in LSB galaxies. But, the role of dark matter
has not been studied so far in the context of grand-design
spiral structure. Motivated by the results for small-scale spi-
ral structure, here we plan to study the effect of dark matter
halo in the context of global spiral modes.
The idea that spiral patterns could be long-lived den-
sity waves was first proposed by Lin & Shu (1964). In this
hypothesis the spiral pattern is a rigidly rotating density
wave through which differentially-rotating stars and gas can
flow. The pattern is maintained by the self-gravity and pres-
sure of the density wave self-consistently. The pattern re-
tains its shape over long periods of time without suffering
the winding problem. Investigation of self-sustaining density
waves in a disc is essentially a problem of wave-mechanics in
a differentially rotating, self-gravitating disc. However, the
long-range nature of gravitational interaction makes study-
ing them difficult due to the non-local gravitational interac-
tions between different parts of the perturbed disc.
A very useful approach for studying the dynamics of
discs is the tight-winding approximation. This approxima-
tion makes the gravitational effects of the density pertur-
bation local. For a wave-like, non-axisymmetric, small am-
plitude perturbation, the temporal oscillation frequency ω
can be obtained as a function of the radial wavevector k,
the radial coordinate R, and the azimuthal wavenumber m,
known as WKB dispersion relation (see, e.g., Chapter 6 of
Binney & Tremaine 1987, for derivation and applications).
The same local dispersion relation can also be used to con-
struct global standing-wave like solutions through the Bohr-
Sommerfeld quantization condition. In the past this ap-
proach has been used by Bertin & Romeo (1988), Shu et al.
(1990); and more recently by Tremaine (2001), Saini et al.
(2009), Gulati et al. (2012) form = 1modes. Here we are us-
ing this alternative approach to investigate the role of dark
matter on the existence of large-scale spiral patterns in a
disc galaxy.
In this paper we investigate the number of allowed dis-
crete global mode(s)—the term is used as a proxy for the
grand spiral arms—within the WKB approximation, using
the Bohr-Sommerfeld quantization condition. We treat the
stellar disc as a fluid, which allows a considerably simple
analytical dispersion relation. This assumption is valid so
long as one is away from the resonance points (although see
§ 4.1). However, we remove the artefacts, intrinsically as-
sociated with the fluid approximation where necessary (for
details see § 3.1). Our analysis is carried out for UGC 7321, a
superthin, LSB galaxy, first for a stellar disc alone and then
for a disc embedded in a dark matter halo. We find that in
both the disc-alone and disc plus halo models, global spiral
modes are present i.e. based on this linear calculation and
under fluid approximation, dark matter does not produce
any significant change for global spiral modes. Similarly, we
followed the same course of modal analysis for our Galaxy, a
typical ’normal’, HSB galaxy. For our Galaxy, dark matter
halo is shown to have negligible effect on global modes. This
trend for our Galaxy follows our expectation since dark mat-
ter halo is not a dominant component in the inner/optical
region of the Galaxy. For this work the observed profiles of
surface density and stellar velocity dispersion for both UGC
7321 and the Galaxy are used, so as to make our calculation
more realistic.
In § 2 we present the model used, and the details of
model input parameters; § 3 presents the details of the WKB
approximation and § 4 describes the results while § 5 and
§ 6 contain the discussion and conclusions respectively.
2 FORMULATION OF THE PROBLEM
We treat the galactic stellar disc as a fluid, characterized by
an exponential surface density Σs, and the one-dimensional
velocity dispersion vs for pressure support, which is treated
as the fluid sound speed. To keep our analysis simple the disc
is taken to be infinitesimally thin. The disc is embedded in
a spherically symmetric dark matter halo with a pseudo-
isothermal radial profile. We have used the cylindrical coor-
dinates (R, φ, z) for both disc as well as the spherical halo.
The dynamics of the disc is calculated first under the gravity
of disc only (referred to as the disc-alone case) and then un-
der the combined gravity of the halo and the disc (referred to
as the disc plus dark matter case). The halo is assumed to be
gravitationally inert, i.e., it is assumed to be non-responsive
to the gravitational force of the perturbations in the disc.
2.1 Model of disc and halo
For a galactic disc embedded in a dark matter halo concen-
tric to the galactic disc, the net angular speed, Ω, and the net
epicyclic frequency, κ (used later in the dispersion relation),
are obtained by adding the disc and the halo contribution
in quadrature as follows:
κ2 = κ2disc + κ
2
DM ; Ω
2 = Ω2disc + Ω
2
DM . (1)
The frequencies can be computed from the standard expres-
sions in terms of the gravitational potentials of the disc and
the halo. For an exponential disc, the potential Φ(R, 0) in
the equatorial plane is given by (Binney & Tremaine 1987,
equation (2.168))
Φ(R, 0) = −piGΣ0R[I0(y)K1(y)− I1(y)K0(y)] , (2)
where Σ0 is the disc central surface density, y is the di-
mensionless quantity, defined as y = R/2Rd, where R is
c© 0000 RAS, MNRAS 000, 000–000
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the galactocentric radius, Rd is the exponential disc scale-
length. In and Kn (n = 0, 1) are the modified Bessel func-
tions of first and second kind, respectively. In terms of the
disc potential, κ2disc and Ω
2
disc are given as
κ2disc =
piGΣ0
Rd
[
4I0(y)K0(y)− 2I1(y)K1(y)+
2y (I1(y)K0(y)− I0(y)K1(y))
] (3)
and
Ω2disc =
piGΣ0
Rd
[
I0(y)K0(y)− I1(y)K1(y)
]
. (4)
For both the galaxies considered in this paper, UGC
7321 and the Galaxy, a pseudo-isothermal profile has been
shown to yield a good fit for the DM halo (Mera et al.
1998; Banerjee et al. 2010). The gravitational potential of
a pseudo-isothermal halo is given by
ΦDM = 4piGρ0R
2
c
[
1
2
log(R2c +R
2 + z2)+
(
Rc
(R2 + z2)1/2
)
× tan−1
(
(R2 + z2)1/2
Rc
)
− 1
]
,
(5)
where Rc is the core radius and ρ0 is the core density. The
corresponding κ2DM and Ω
2
DM, in the mid-plane (z = 0), are
given as
κ2DM = 4piGρ0
[
2
1 + (R/Rc)2
+
(Rc
R
)2 1
1 + (R/Rc)2
−
(Rc
R
)3
tan−1
( R
Rc
)]
,
(6)
and
Ω2DM = 4piGρ0
[
1
1 + (R/Rc)2
+
(Rc
R
)2 1
1 + (R/Rc)2
−
(Rc
R
)3
tan−1
( R
Rc
)]
.
(7)
2.2 Model parameters
To calculate the rotation and epicyclic frequencies needed
for the WKB analysis below, we have used the following set
of parameters.
2.2.1 UGC 7321
For the stellar disc and halo parameters, the values we used
are obtained either observationally or by modelling (Baner-
jee et al. 2010). The stellar disc is an exponential disc with
central surface density of 50.2 M⊙ pc
−2 and a disc scale
length of 2.1 kpc. For the dark matter halo, a pseudo-
isothermal profile with core density of 0.057 M⊙ pc
−3 and
core radius of 2.5 kpc yields good fit for the observed ro-
tation curve and the vertical gas scale-height distribution
(Banerjee et al. 2010).
For the one-dimensional stellar velocity dispersion
in the radial direction, the profile is taken as vs
=vs0 exp(−R/2Rd). The observed central dispersion along
z is equal to 14.3 km s−1 (Banerjee et al. 2010). For the
solar neighbourhood, it is observationally found that, the
ratio of velocity dispersion in the z direction to that of ra-
dial direction is ∼ 0.5 (e.g., Binney & Tremaine 1987). Here
we assume the same conversion factor for all radii in this
galaxy.
2.2.2 The Galaxy
The stellar disc parameters for the Galaxy are taken from
the standard mass model by Mera et al. (1998) which gives
an exponential radial profile for the disc surface density with
a disc scale-length of 3.2 kpc and a central surface density
of 640.9 M⊙ pc
−2. For the dark matter halo, a pseudo-
isothermal profile is used with a core radius of 5.0 kpc and
a core density of 0.035 M⊙ pc
−3 (Mera et al. 1998).
The one-dimensional stellar velocity dispersion is ob-
served to be of the form: vs = vs0 exp(−R/8.7), where
vs0 = 95 km s
−1 (Lewis & Freeman 1989).
3 WKB ANALYSIS
For small non-axisymmetric perturbations of the form
X(R,φ, t) = Xa exp
[
i
(∫ R
k(R′)dR′ −mφ+ ωt
)]
, (8)
where X is a generic dynamical quantity, and assuming
the tight-winding approximation, which formally requires
|kR| ≫ 1, the Euler equations reduce to the standard dis-
persion relation (Binney & Tremaine 1987)
(ω −mΩ)2 = κ2 − 2piGΣs|k|+ v
2
sk
2 , (9)
where κ and Ω are as defined in the § 2.1, with the param-
eters given in the previous subsection. We are interested in
spiral patterns corresponding to m = 2. A slight rearrange-
ment of equation (9) yields
4(Ωp −Ω)
2 = κ2 − 2piGΣs|k|+ v
2
sk
2 , (10)
where Ωp = ω/2 is the pattern speed at which the spiral
pattern rotates rigidly. For a given pattern speed Ωp, this
dispersion relation can be thought of as an implicit relation
between the phase space variables k and R (the resulting
graph is also known as the propagation diagram). In gen-
eral this relation is multi-valued, therefore, it is convenient
to obtain its two branches explicitly for computational pur-
poses. Expressing the relation in terms of the wavevector k
as a function of R we get
|k±|(R) = [2piGΣs ±∆
1/2]/2v2s , (11)
where
∆ = [(2piGΣs)
2 − 4v2s{κ
2 − 4(Ωp − Ω)
2}] . (12)
Note that the dependence on the wavevector is through its
absolute value |k|; and therefore, these two branches in gen-
eral correspond to four possible values of k at any given
radius R. However, if ∆1/2 > 2piGΣs, then only the ’+’
branch is physical, and the total number of solutions for k
reduces to two. Waves cannot exist in a region where ∆ < 0,
called the forbidden region, where there are no real solu-
tions for k. From equation (11) it can be seen that when
∆ = 0, k+ = k−, the two branches merge at that point,
and we say that the wave reflects from trailing to leading
c© 0000 RAS, MNRAS 000, 000–000
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branch and vise versa. The Lindblad resonances occur when
Ωp = Ω ± κ/2. The dispersion relation then gives k = 0
for the k− branch. The k+ branch, however, can extend be-
yond the Lindblad radius for gas. This generic behaviour is
evident in the constant Ωp plots in Fig 1 where the plot is
for the LSB galaxy UGC 7321 with and without the dark
matter halo.
A constant Ωp (or equivalently constant ω) contour rep-
resents the trajectory of a wave packet which travels at a
radial velocity given by the corresponding group velocity
vg = dω/dk (Toomre 1969).
Figure 1 exhibits three different types of contours. Their
physical significance in terms of propagation of a wave
packet is as follows.
• Type A: These are the ’W’ shaped contours in the top
panel of Fig. 1. A wavepacket may start at a large radius (to
the left of the curve) on the short leading branch and then
travel inwards with a negative radial group velocity. It first
reflects from the edge of the forbidden region at the low-
est point of the curve, moves radially outwards and reaches
the outer Lindblad radius (at k = 0) from where it is re-
flected back into the long trailing branch, and gets reflected
again from the edge of the forbidden region. The wavevec-
tor of perturbations comprising the wavepacket then con-
tinues to increase steadily. In a collisionless disc, the fate
of such wavepackets would be to eventually dissipate at the
Lindblad resonance by a process similar to Landau damping
(Binney & Tremaine 1987).
• Type B: These are the oval shaped closed curves and
they always occur in pairs. A wavepacket would move in
and out indefinitely by being reflected at the edge of the
two forbidden regions, from short branch to relatively long
branch and vice versa, this being true for both the leading
as well as the trailing branch. Also note that the wavevector
remains non-zero all along the closed curve.
• Type C: Unlike Type B contours, this type of closed
contours are not degenerate. They involve reflection of a
wave packet from the leading to the trailing branch, and
vice versa, by the edge of the forbidden region as well as the
inner and outer Lindblad radius.
3.1 Global standing waves: the quantization
condition
In contrast to the behaviour of wavepackets, the global
modes of a disc are characterized by a single frequency ω
(or Ωp) and extend over a large region of the disc. These
essentially non-local perturbations are characterized by a
wavefunction that extends across the disc, and which is ex-
pected to behave in a manner consistent with the boundary
conditions across the disc. The density perturbation across
the disc for these standing waves has a specific pattern shape
(given by the wavefunction) and pattern speed (Ωp = ω/2).
In principle, the pattern speed Ωp could be either pos-
itive or negative, implying a prograde or retrograde motion
for the pattern with respect to the galactic rotation. How-
ever, we find that for the two galaxies considered by us,
Ω−κ/2 > 0; and collisionless discs do not support wave-like
solutions for negative pattern speeds under this condition,
although fluid discs do allow them. We have verified that
the resulting propagation diagrams for negative Ωp are not
closed, therefore, in the rest of the paper we do not consider
negative Ωp. All the global modes described below are thus
prograde.
In the previous section we saw that the fate of Type
A wavepackets is to eventually disperse, and unless the
boundary condition at large radius is reflecting them back,
they will not give rise to long-lived standing waves. How-
ever, the contours of Type B & C seem to have the cor-
rect behaviour to give rise to global standing waves due to
their closed shape. Interestingly, note that for contours of
Type C, the wave goes right past the Lindblad resonances
on either side before getting reflected from the forbidden
region. This behaviour is peculiar to fluid discs. For col-
lisonless disc the waves can exist only in regions where
Ω− κ/2 ≤ Ωp ≤ Ω+ κ/2. In Fig. 2 we plot the line Ω = Ωp
with Ω−κ/2, Ω, and Ω+κ/2, where we can see that the con-
tours of Type B do obey this condition, but not the contours
of Type C.
To elaborate, in the fluid model a wave can partially
transmit through the Inner Lindblad Resonance (ILR), and
consequently the wave cycle, operating between the co-
rotation (CR) and ILR to maintain a standing wave, will
get hampered. In other words, to maintain a wave cycle be-
tween CR and ILR, one has to make sure that the inequality
RILR < R− < R+ < RCR , (13)
where R± are the boundaries of the forbidden region, holds
for each mode, otherwise for that mode ILR would be ex-
posed. Since the inner regions of galactic discs are dominated
by stars, only the closed contours for which the above men-
tioned inequality holds can be realized in a real galaxy (see
page 205 Bertin 2000, for a detailed discussion). Therefore,
in our analysis the contours of Type C are considered as
unphysical, and hence are discarded.
To construct the discrete global density waves from the
closed contours of Type B, it is useful to recall that in quan-
tum mechanics the WKB approximation is used to calculate
the eigenvalues of a Hamiltonian in the following manner: for
a one dimensional system the phase plot (in the p–q plane,
where q and p are generalized coordinates and generalized
momenta respectively) of constant energy for a bound state
forms a closed loop. The total area inside the loop
∮
pdq can
then be shown to be some integral multiple of h¯ (see, e.g.,
Landau & Lifshitz 1965). In our case this Bohr-Sommerfeld
quantization rule essentially reduces to constructing the con-
stant ω curves in the k–R plane. Provided that closed loops
exist, they can be quantized by calculating the
∮
kdR and
equating it to integral multiples of pi, apart from some extra
factors of pi/2 that arise due to the boundary condition at
the turning points. The quantization condition ensures that
only discrete values of ω are allowed, which are called the
eigenfrequencies (e.g. Bertin & Romeo 1988).
For the closed contours of Type B to represent stand-
ing waves they must satisfy a quantization condition. The
appropriate WKB quantization rule is given by Tremaine
(2001)
2
∫ R+
R
−
[k+(R)− k−(R)]dR = 2pi(n−
1
2
) (14)
where n = 1, 2, 3, · · · . Although the WKB approximation
requires |kR| ≫ 1, its validity is often sufficiently accurate
even for |kR| ≃ 1.
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Propagation diagrams (contours of constant Ωp) plot-
ted for different pattern speeds, by using the input parameters
of LSB galaxy UGC 7321. The top panel shows contours for the
disc-alone case where the range of Ωp varies from 2.3 km s−1
kpc−1 to 4.3 km s−1 kpc−1 and the bottom panel shows the con-
tours for the disc plus dark matter halo case where the range of
Ωp varies from 1.5 km s−1 kpc−1 to 4.1 km s−1 kpc−1. The con-
tours are plotted at intervals of 0.2 for both the panels. Different
types of contours present here are marked as A, B and C. Ωp
value increases from the outer to the inner contours.
4 RESULTS
4.1 UGC 7321
The results for the contours of Type B for both disc-alone
and disc plus halo cases using the input parameters of UGC
7321 for different pattern speeds, are displayed in Fig. 3. We
then applied the quantization condition (equation (14)) to
these contours to determine the quantum number n. The
resulting values of n for different pattern speeds that corre-
spond to permitted global modes for both cases, are sum-
marized in Table 1. Note that in the statistical majority
of galaxies, grand-design spiral structure should be quasi-
stationary; and this can be possible if the dynamics of the
disc is dominated by a single mode or by a small number
of modes. Our finding, summarized in Table 1, agrees quite
well with this point. Note that higher values of n correspond
to loops enclosing larger area, and for such loops k− ≃ 0.
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Figure 2. The Ω, Ω−κ/2 & Ω+κ/2 (in units of km s−1 kpc−1)
curves are shown as a function of radius for UGC 7321. Top panel
shows the disc-alone case, where the pattern speed (Ωp) of 4.5
km s−1 kpc−1 gives a closed contour of Type B and the bottom
panel showing disc plus dark matter halo case, where the pattern
speed (Ωp) of 3.5 km s−1 kpc−1 gives a closed contour of Type C.
Note that, for Type C contour, the shown Ωp lies below Ω− κ/2
for a certain range of R, thus it does not satisfy the inequality
mentioned in the text (see § 3.1)
Table 1. Results for global modes for UGC 7321
Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
Disc-alone case :
4.5 0.5 3.8 7 1
3.8 0.08 5.8 8 2
Disc plus halo case :
4.0 2.8 5.1 33 1
3.7 2.1 6.4 36.5 2
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Figure 3. Propagation diagrams (contours of constant Ωp) for
those pattern speeds which give closed loops of Type B. The input
parameters used are for the LSB galaxy, UGC 7321. The top
panel shows contours for disc-alone case where the range of Ωp
varies from 3.8 km s−1 kpc−1 to 4.8 km s−1 kpc−1, at intervals
of 0.2 and the bottom panel shows the contours for disc plus
dark matter halo case where the range of Ωp varies from 3.6 km
s−1 kpc−1 to 4.1 km s−1 kpc−1, at intervals of 0.1. The closed
loops that correspond to the global modes for different models,
are indicated by solid lines. Ωp value increases from the outer to
the inner contours.
Therefore, the smaller values of n are more likely to satisfy
the WKB approximation than the larger values of n.
However, we caution the reader that the modes that we
have obtained are for a fluid disc (not collisionless), under
the WKB approximation; and therefore the specific values
may change if either of these assumptions is relaxed. Table
1 shows that the inclusion of dark matter halo has a neg-
ligible effect on the global spiral modes. The only change
that we can observe from the Table 1 is that the inclusion
of halo appreciably increases the extent of the forbidden re-
gion (determined from the difference of RCR and R+) and
it only changes the specific values of pattern speed which
correspond to different values of n. Consequently the posi-
tion of CR for different modes also changes. Ghosh & Jog
(2014) showed that inclusion of dark matter halo suppresses
the local, transient, swing-amplified spiral features almost
completely and therefore it is somewhat puzzling why dark
matter halo fails to make any impression on global modes
permitted in a galactic disc, modelled as a fluid.
We argue that there are several reasons why global
modes, though technically permitted, may not materialize
in a LSB galaxy. First, a galaxy encounter is known to
be a possible mechanism to excite the global spiral modes
in a galactic disc. For example, spiral structures of M51
and many other grand-design spirals with a companion
have been modelled successfully (Toomre & Toomre 1972;
Binney & Tremaine 1987). Since LSBs are observed to be
isolated (Mo, McGaugh & Bothun 1994) or are located at
the edges of voids (Rosembaum et al. 2009), they are less
likely to undergo tidal encounters as compared to the HSB
galaxies. Therefore, even if theoretically the modes are per-
mitted for the disc case, as well as the disc plus dark matter
halo case for UGC 7321, in reality the triggering mechanism
for exciting the global spiral modes may not operate. Second,
the resulting pattern speed for the permitted global modes
is small (Table 1). To excite these by interactions, a distant
encounter is necessary which in turn will lead to a smaller
amplitude. Third, even if the above permitted modes were
to be triggered, the growth rate of the modes will depend
on the surface density of the disc which is very low for the
LSB galaxies, hence the amplitude of such modes is likely to
be very small. Finally, we would like to mention that from
the linear calculation done in this paper, we cannot fully
comment on the effect of dark matter halo. A full N-body
treatment which includes the above non-linear effects would
be necessary in getting a comprehensive picture of the effect
of dark matter halo on global spiral modes.
Note that in contrast, the lack of nearby neighbours
does not prevent local modes being triggered in the discs
of LSB galaxies (studied by Ghosh & Jog 2014), since lo-
cal, transient swing-amplified features can be generated
by internal triggers such as a gas cloud or star formation
(Sellwood & Carlberg 1984; Toomre 1990). In this paper,
we have treated the stellar disc as a fluid for mathematical
simplicity. At large values of |k|, the behaviour of the disper-
sion relation for a collisionless system is very different from
that for a fluid system (Rafikov 2001; Ghosh & Jog 2015).
In a future work, we will follow up this problem treating the
galactic disc as a collisionless system.
4.2 The Galaxy
For comparison, we carried out a similar modal analysis for
the Galaxy, for which the dark matter halo is known to be
not a dominant component in the inner regions of the disc.
The closed contours present in the propagation diagram for
different pattern speeds for the Galaxy in both disc-alone
and disc plus dark matter halo cases are shown in Fig 4.
For a quantitative verification, following the same procedure
as taken for UGC 7321, we calculated the possible modes
that could be present in both models. These are summa-
rized in Table 2, which shows that there is only a small
quantitative change in the overall spiral mode properties
when we include the dark matter halo in the system. But,
note that, unlike the case of UGC 7321, on inclusion of dark
matter halo, the extent of forbidden region has not increased
appreciably. This is in the line of our expectation because
within the solar radius, the dark matter halo contributes 50
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. Propagation diagrams (contours of constant Ωp) for
those pattern speeds which give closed loops of Type B. The input
parameters used are for the Galaxy. The top panel shows contours
for disc-alone case where the range of Ωp varies from 17 km s−1
kpc−1 to 18 km s−1 kpc−1, at intervals of 0.2 and the bottom
panel shows the contours for disc plus dark matter halo case where
the range of Ωp varies from 14 km s−1 kpc−1 to 15.4 km s−1
kpc−1, at intervals of 0.1. The closed loops that correspond to
the global modes for different models, are indicated by solid lines.
Ωp value increases from the outer to the inner contours.
per cent or less to the rotation curve (Kuijken & Gilmore
1991; Sackett 1997).
5 DISCUSSION
5.1 Effect of Bulge
At this point note that, for the Galaxy, the radial extent of
the closed loops of Type B is in the very inner region (see
figure 4) where the bulge component dominates, and the spi-
ral structures are not believed to be present at those radii.
So far in the models of both galaxies, we have not included
bulge. Normally, in the early type spirals, bulge dominates in
the inner regions, and the late-type (e.g. Scd type) galaxies
have no significant bulge (Binney & Merrifield 1998). Con-
sequently, the exclusion of the bulge will lead to a significant
Table 2. Results for global modes for the Galaxy
Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
Disc-alone case :
17.2 0.3 3.6 8 1
Disc plus halo case:
15.2 0.2 3.0 13 1
underestimation of the rotation curve in the inner parts of
the early-type galaxies.
In this section we have included the bulge component
to the existing mass models, namely, disc-alone and disc
plus dark matter cases for our Galaxy. On the other hand,
UGC 7321 has no discernible bulge (Matthews et al. 1999;
Matthews & Wood 2003). It is a typical bulgeless galaxy
(Kaustsch 2009). So, we redid the global modal analysis,
this time taking into account of the bulge component, for
the Galaxy only. We adopt a Plummer-Kuzmin bulge model
to derive the bulge contribution for the Galaxy.
In the spherical coordinates, the density profile of the
bulge is given by the following formula (Binney & Tremaine
1987):
ρbulge =
3Mb
4piR3b
(
1 +
R2
R2b
)−5/2
(15)
where Rb is the bulge scale length and Mb is the total bulge
mass.
The corresponding potential in the cylindrical coordinates
(R, φ, z) is given as
Φbulge(R, z) = −
GMb
Rb
(
1 +
R2 + z2
R2b
)−1/2
(16)
Corresponding rotational frequency Ωbulge and the epicyclic
frequency κbulge in the mid-plane (z = 0), are
Ω2bulge =
GMb
R3b
(
1 +
R2
R2b
)−3/2
(17)
and,
κ2bulge =
GMb
R3b
[
4
(
1+
R2
R2b
)−3/2
−3
(
R
Rb
)2(
1+
R2
R2b
)−5/2]
(18)
Therefore, while taking the bulge component into account,
these terms κ2bulge and Ω
2
bulge will be added in R. H. S. of
equation (1). For the parameters of the bulge component,
we have used Rb = 2.5 kpc and Mb = 2.8 × 10
8 M⊙ (Blum
1995).
We did a global mode analysis, similar to that in § 3,
for the disc plus bulge case, and then for the disc plus bulge
plus dark matter halo case. As explained earlier, we con-
sidered only closed loops of Type B for both cases. Then
the relevant quantization condition is applied to obtain the
principle quantum number n. The results are summarized
in Table.3.
In both models where bulge is included, two modes are
present while models without bulge gave only one mode (see
Table 2. and 3.). More importantly, the extent of global
c© 0000 RAS, MNRAS 000, 000–000
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Table 3. Results for global modes for the Galaxy (including
bulge)
Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
Disc plus bulge case :
18.3 1.8 4.5 9.7 1
15.1 1.1 6.3 11.3 2
Disc plus bulge plus halo case:
17.1 1.6 4.2 13.3 1
14.0 0.9 5.8 16 2
spiral arms (indicated by R− and R+) shows an extended
range and closer to the range where arms are observed
(Binney & Merrifield 1998). Note that the resulting pattern
speed for n = 1 is close to the observed value for the Galaxy
(Siebert et al. 2012).
5.2 Other issues
In this subsection, we would like to mention a few other
issues regarding this work. First, in this work, we have not
considered the low dispersion component in the disc, namely
gas. In reality, a spiral galaxy contains a finite amount of
gas. The role of gas has been studied in several dynami-
cal issues, e. g. in the stability of local axisymmetric per-
turbations (Jog & Solomon 1984a,b; Bertin & Romeo 1988;
Rafikov 2001), local non-axisymmetric perturbations (Jog
1992), and in the radial group transport (Ghosh & Jog 2015)
etc. Here in this paper, our main aim was to address the role
of only dark matter halo on the grand-design spiral struc-
ture, hence we excluded gas from this formalism. This en-
sures that whatever change we see in these models, they
are purely due to the dark matter halo. Besides, the su-
perthin LSB galaxy UGC 7321 considered here has small
gas content as compared to that of normal HSB galaxies
(Uson & Matthews 2003). A full investigation of role of DM
halo in a system with gas and stars coupled via gravitation
will be followed in a future work.
Another point to note is that, this calculation is based
on the linear perturbation theory, i. e. all the non-linear ef-
fects are neglected. Interestingly a recent study by D’Onghia
(2013) using high resolution N-body simulations shows that
the nonlinear effect can significantly modify the origin and
persistence scenario of flocculent spiral features. So, it is
worth checking the nonlinear effect in this context with gas
treated on an equal footing with stars.
6 CONCLUSIONS
We have studied the existence of global modes in spiral
galaxies in the WKB limit using the Bohr-Sommerfeld quan-
tization condition. This approach has been used for the first
time to study the effect of dark matter halo on the grand-
design spiral structure in a galactic disc. Using the input pa-
rameters of a typical superthin LSB galaxy UGC 7321, we
found that in both disc-alone and disc plus halo cases, global
modes are permitted. While the small-scale spiral structure
is suppressed by the dark matter halo (Ghosh & Jog 2014),
the halo does not have a significant effect on the global spiral
modes. We argue that the tidal interactions causing global
spiral modes are less likely to occur in LSBs as compared
to the HSB counterparts. Thus even though the model for
UGC 7321 including dark matter halo permits the existence
of global spiral modes, in reality they are not likely to mate-
rialize, since these galaxies are isolated and hence may not
experience tidal forces due to galaxy encounters. Also, we
carried out a similar analysis for our Galaxy. We found that,
for our Galaxy, inclusion of the dark matter halo does not af-
fect the existence of global spiral modes. Note, however, that
these results are obtained while treating the galactic disc as
a fluid. These results may get modified when the galactic
disc is treated as a collisionless system. This problem of in-
vestigating the role of dark matter halo on large-scale spiral
arms in a collisionless galactic disc will be followed up in a
future paper.
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